Abstract. The product ring Q S = p∈S Q p , where S is a finite set of prime numbers and Q p is the field of p-adic numbers, is a second countable, locally compact and totally disconnected topological ring. This work introduces a natural ultrametric on Q S that allows to define a pseudodifferential operator D α and to study an abstract heat equation on the Hilbert space L 2 (Q S ). The fundamental solution of this equation is a normal transition function of a Markov process on Q S . As a result, the techniques developed here provides a general framework of these problems on other related ultrametric groups.
Introduction
The theory of pseudodifferential operators over the field Q p of p-adic numbers has been deeply explored by several authors. Many classical equations have been formulated on the n-dimensional version of this non-Archimedean space and their solutions have been relevant to some models of modern physics (see e.g., [VVZ] , [Koc] and [Zun1] and the references therein). In particular, several analogous heat equations on Q where Z p is the ring of p-adic integers. Furthermore, as a topological group, it has a Haar measure dµ normalised to be a probability measure on Z S , it is selfdual in the sense of Pontryagin and there exists an additive character χ(·) such that x → χ(x·) gives an explicit isomorphism. Using this identification, the subgroup Z S coincides with its own annihilator.
Let ψ(n) be the second Chebyshev function (see Section 2.2). This function determines a "symmetric" filtration of Q S by open and closed subgroups: e ψ(m) Z S ⊂ e ψ(n) Z S ⊂ Z S ⊂ e ψ(−n) Z S ⊂ e ψ(−m) Z S (m ≥ n ≥ 1).
There is a unique additive invariant ultrametric d on Q S such that it has the filtration above as the set of balls centred at zero and the Haar measure of any ball is equal to its radius. The ultrametric d leads to define a pseudodifferential operator D α on the Hilbert space L 2 (Q S ), which is similar to the Taibleson operator on Q n p but looks also as the Vladimirov operator on Q p . The operator −D α is a positive selfadjoint unbounded operator and allows to state the abstract Cauchy problem on L 2 (Q S ) for the classical heat equation. This problem is well posed and the normalization property of the ultrametric d allows to give classical bounds of the heat kernel Z(x, t), using properties of the Archimedean Gamma function, and to find and explicit solution of this problem.
The main result on the solution of the Cauchy problem reads as follows (see Section 4 for details and also Theorem 7.1).
Theorem 4.9: If f is a complex valued square integrable function on Q S , which belongs to the domain of −D α , the Cauchy problem    ∂u(x,t) ∂t + D α u(x, t) = 0, x ∈ Q S , t ≥ 0,
has a classical solution u(x, t) determined by the convolution of f with the heat kernel Z(x, t). In addition, Z(x, t) is the transition density of a time and space homogeneous Markov process which is bounded, right-continuous and has no discontinuities other than jumps. The exposition is organized as follows. In Section 1 the results of the theories of p-adic numbers and Fourier analysis on Q p are collected. The description of the ring Q S and several important properties related to the non-Archimedean metric d are considered in Section 2. Section 3 presents the theory of Fourier analysis and introduces the pseudodifferential operator D α defined on Q S and in Section 4 the homogeneous heat equation is treated. Section 5 provides the description of the Markov process derived from the fundamental solution to the heat equation. The general Cauchy problem on Q S is presented in Section 6, and finally, in Section 7 different aspects on generalization of the theory presented here are analysed.
The field of p-adic numbers
This section outlines the basic elements of the theory of p-adic numbers Q p as well as the relevant function spaces defined on Q p and some aspects of the Fourier analysis on this space. For a comprehensive introduction to these subjects we quote [VVZ] .
Let N = {1, 2, . . .} be the set of natural numbers and let P be the set of prime numbers. Fix a prime number p ∈ P. If x is any nonzero rational number, it can be written uniquely as x = p k a b , with p not dividing the product ab and k ∈ Z. The function
is a non-Archimedean absolute value on Q. The field of p-adic numbers Q p is defined as the completion of Q with respect to the distance induced by |·| p . Any nonzero p-adic number x has a unique representation of the form
where γ = γ(x) ∈ Z, a i ∈ {0, 1, . . . , p − 1} and a 0 = 0. The value γ, with γ(0) = +∞, is called the p-adic order of x. Any series of the above form converges in the topology induced by the p-adic metric.
The fractional part of a p-adic number x is defined by
The field Q p is a locally compact topological field. The unit ball
is the ring of integers and the maximal compact and open subring of Q p . Denote by dx the Haar measure of the topological Abelian group (Q p , +) normalized to be a probability measure on Z p . The algebraic and topological properties of the ring Z p and the field Q p can be expressed, respectively, by an inductive and a projective limit
In addition to the limits above, to the ring Z p and the field Q p , there corresponds, respectively, an infinite rooted tree T (Z p ) with constant ramification index p, and an extended tree T (Q p ) with constant ramification index p. The endpoints of these trees corresponds, respectively, to Z p and Q p .
A function φ :
where B ℓ(x) is the closed ball with centre at zero and radius p ℓ(x) .
The set of all locally constant functions of compact support on Q p forms a C-vector space denoted by D(Q p ). The C-vector space D(Q p ) is the Bruhat-Schwartz space of Q p and an element φ ∈ D(Q p ) is called a Bruhat-Schwartz function (or simply a test function) on Q p .
If φ belongs to D(Q p ) and its not zero everywhere, there exists a largest ℓ = ℓ(φ) ∈ Z such that, for any x ∈ Q p , the following equality holds
This number ℓ is called the parameter of constancy of φ.
Denote by D ℓ k (Q p ) the finite dimensional vector space consisting of functions with parameter of constancy is greater or equal than ℓ and whose support is contained in
With this topology the space D(Q p ) is a complete locally convex topological algebra over C. It is also a nuclear space because D ℓ (Q p ) is the inductive limit of countable family of finite dimensional algebras and D(Q p ) is the inductive limit of countable family of nuclear spaces D ℓ (Q p ).
be the subspace of test functions whose support is contained in K. The space D(K) is dense in C(K), the space of complex-valued continuous functions on K.
An additive character of the field Q p is defined as a continuous function χ : Q p −→ C such that χ(x + y) = χ(x)χ(y) and |χ(x)| = 1, for all x, y ∈ Q p . The function χ p (x) = exp(2πi{x} p ) defines a canonical additive character of Q p which is trivial on Z p and not trivial outside Z p . In fact, all characters of Q p are given by χ p,ξ (x) = χ p (ξx) with ξ ∈ Q p .
The Fourier transform of a test function φ ∈ D(Q p ) is given by the formula
The Fourier transform is a continuous linear isomorphism of the space D(Q p ) onto itself and the inversion formula holds:
The Parseval -Steklov equality reads as: 2. The S-adic ring of Q This section introduces the ring Q S and an ultrametric on Q S invariant under translations by elements of Q S and under multiplication by units of Z S . We will describe Q S as topological ring itself, however other proofs of our statements can be given by looking at the product structure of Q S (see [CE1] for these kind of construction, where it is done for the finite adèle ring of Q).
2.1. The adic ring Q S . Fix a finite subset S ⊂ P and define Q S as the direct product
The Tychonoff topology and the componentwise operations provide Q S with a structure of a topological ring. The topological ring Q S is commutative, second countable, locally compact and totally disconnected. The maximal compact and open subring of Q S is the direct product ring Z S = p∈S Z p .
The additive group (Q S , +) is a locally compact Abelian group and therefore it has a Haar measure dµ which can be normalized to be a probability measure on Z S . The measure dµ can be expressed in terms of the measures dx p on the groups (Q p , +) as the direct product measure
With regard to characters, there is a canonical additive character χ on Q S , which is trivial on Z S and not trivial outside Z S , given by
where χ p (x p ) is the canonical character of Q p . Recall that these characters are given by χ p (x p ) = e 2πi{xp}p , where {x p } p is the p-adic fractional part of x p .
For ξ ∈ Q S , the application
defines a character on Q S . Moreover, since Q S is a direct product of some p-adic fields, any arbitrary character on Q S has the form χ ξ , for some ξ ∈ Q S . Therefore Q S is a selfdual group with isomorfism given by ξ → χ ξ .
Recall that the annihilator of a compact and open subgroup H of Q S is the set of characters that are trivial in H. From the expression of the characters on Q S , the relation
where Ann Q S (B n ) is the annihilator of B n in Q S , holds. In particular, Z S coincides with its own annihilator.
Remark 2.1. For the scope of this work the relevant properties of Q S are that it a topological ring which is second countable, locally compact, and totally disconnected. In addition, as a topological group, Q S is selfdual.
2.
2. An ultrametric on Q S . Let us introduce an ultrametric d on Q S compatible with its topology, making (Q S , d) a complete ultrametric space. The set of rational numbers Q is diagonally embedded in Q S with dense image. In this sense, the ring Q S can be thought of as an S-completion of Q (see [Bro] for a description of this topology on the ring of integer numbers Z).
We start by defining two arithmetical functions which are related to the set S and similar to the second Chebyshev and von Mangoldt functions (see e.g., [Apo] ). For any natural number n, write
Likewise, let ψ(n) denote the function implicitly given by
These arithmetical functions are related by the equations
For any integer number n, define
and
The relations between these functions on the natural numbers extend to the integers in the following way: for any integers n > m
The collection {e ψ(n) Z S } n∈Z of compact and open subgroups is a neighbourhood base of zero for the Tychonoff topology on Q S and determines a filtration (see figure 1)
satisfying the properties:
Remark 2.2. From the properties of the above filtration, the topology of the ring Q S is expressed by the inductive and projective limits
In addition, we have the identity
where ord p (·) is the p-adic order function on Q p . Figure 1 . The decomposition of Q S by the filtration {e ψ(n) Z} for S = {2, 3}.
For any element x ∈ Q S define the order of x as:
Notice that this order satisfies the following properties:
• ord(x) ∈ Z ∪ {∞} and ord(x) = ∞ if and only if x = 0,
, ord(y)} and • it takes the values
is an ultrametric on Q S . This ultrametric d takes values in the set {e ψ(n) } n∈Z ∪ {0}, any ball B n centred at zero with radius e ψ(n) is precisely the subgroup
and any sphere centred at zero and radius e ψ(n) is
The norm induced by this ultrametric is given by
and x = e ψ(n) if and only if x ∈ S n .
It is worth to notice that the radius of any ball on Q S is equal to its Haar measure:
Using this fact, the area of any sphere is given by
This behaviour is controlled by the function Λ(n) and there exists a unique increasing bijective function
is a strictly increasing function with e ψ(ρ(0)) = 1.
For this reason, in the sequel, we suppose that e ψ(n) < e ψ(n+1) for any integer number n.
Function spaces and pseudodifferential operators on Q S
The relevant spaces of test functions as well as the basic facts of Fourier analysis on Q S are described in this section. It also introduces a pseudodifferential operator D α on Q S . The description made here follows closely the account made in [CE2] for the finite adèle ring of Q. A second point of view is obtained by looking at the product structure of Q S . The reader can consult these topics in the excellent books [VVZ] , [AKS] , [Igu] . The theory of general topological vector spaces can be found in [Sch] .
3.1. Bruhat-Schwartz test functions on Q S . The Bruhat-Schwartz space D(Q S ) is the space of locally constant functions on Q S with compact support. Being Q S a totally disconnected space, D(Q S ) has a natural topology which can be described by two inductive limits, given any filtration by compact and open sets in Q S .
Let us describe the topology of D(Q S ) using the ultrametric
This number ℓ is called the parameter of constancy of φ. The set of all locally constant functions on Q S with common parameter of constancy ℓ ∈ Z and support in B k forms a finite dimensional complex vector space of dimension e ψ(ℓ) /e ψ(k) . Denote this space by D ℓ k (Q S ). The topology of D(Q S ) is expressed by the inductive limits
which essentially states that every finite dimensional vector space
Therefore, D(Q S ) is a complete locally convex topological algebra over C and a nuclear space.
Finally, for each compact subset
be the subspace of test functions with support on a fixed compact subset K. The space D(K) is dense in C(K), the space of complex valued continuous functions on
3.1.1. Bruhat-Schwartz test functions as a tensor product. Since the Tychonoff topology on Q S is the box topology, any function φ ∈ D(Q S ) can be written as a finite linear combination of elementary functions of the form
where each factor φ p (x p ) belongs to the space of test functions D(Q p ).
Moreover, from the finite group identification
where ℓ p = ord p (e ψ(l) ) and k p = ord p (e ψ(k) ), the following identity between finite dimensional spaces holds:
Commuting the induced limits with the tensor products, it is possible to show that D ℓ (Q S ) corresponds to the algebraic and topological tensor product of nuclear spaces {D ℓ (Q p )} p∈S , that is to
Furthermore, D(Q S ) corresponds to the algebraic and topological tensor product of nuclear spaces
3.2. The Fourier transform on Q S . The Fourier transform of φ ∈ D(Q S ) is defined by
In particular, the Fourier transform of any elementary function φ = p∈S φ p is given by
The following two integrals are of main importance for the properties of the Fourier transform on the Bruhat-Shwartz space, D(Q S ).
Lemma 3.1.
Proof. This follows from the equality, Ann Q S (B n ) = B −n and the fact that in any compact topological group, the integral of a nontrivial character over the group is zero.
Lemma 3.2. For any n ∈ Z,
Proof. The integral can be decomposed as
and the last proposition provides the result. 
Moreover, the Fourier transform F is a continuous linear isomorphism from D(Q S ) into itself. It is worth to notice that this property of the Fourier transform follows directly by construction, because Ann Q S (B n ) = B −n .
Remark 3.4. Recall that, in the case of Q p , the Fourier transform
the Fourier transform gives and isomorphism
From the description of Q S and Z S , respectively, as an inductive and a projective limit or from the description of Q S as the endspace of a regular infinite tree it follows that the Hilbert space L 2 (Q S ) has a numerable Hilbert base which is a counterpart of a wavelet bases. Therefore, L 2 (Q S ) is a separable Hilbert space. In addition, the Fourier transform
is an isometry. 
is an isometry.
3.3.
Lizorkin space of test functions on Q S . Another space of test functions which is useful in the study of the heat equation is the following: Let Ψ(Q S ) be the space of test functions which vanish at zero
This means that for any element f ∈ Ψ(Q S ) there exists a ball B n with centre at zero and radius e ψ(n) such that f |Bn ≡ 0. The image of Ψ(Q S ) under the Fourier transform is the space
called the Lizorkin space of test functions of the second kind. The space Φ(Q S ) is nontrivial and, as a subspace of D(Q S ), it has the subspace topology which makes it a complete topological vector space.
3.4. Pseudodifferential operators on Q S . For any α > 0 consider the function
The pseudodifferential operator,
for any f in the dense domain
is called a pseudodifferential operator with symbol ξ α .
In other words, if we consider the multiplicative operator
given by
with (dense) domain
commutes. Therefore, several properties of A can be translated into the multiplicative operator m α : D α is a positive selfadjoint unbounded operator. Moreover, the commutative property or the diagram above means that D α is diagonalized by the unitary Fourier transform F .
Since D α is a positive and selfadjoint operator, its spectrum is contained in [0, ∞). The characteristic equation
is solved by applying it the Fourier transform and solving the resulting equation, (m α − λ) f = 0, or
If λ ∈ {e αψ(n) } n∈Z , the characteristic function of the sphere S n , ∆ Sn , is a solution of the characteristic equation of the multiplicative operator m α . Otherwise, if λ / ∈ {e αψ(n) } n∈Z , the function ξ α − λ is bounded from below and λ is in the resolvent set of the multiplicative operator. Since the Fourier transform is unitary, the point spectrum of D α is the set {e αψ(n) } n∈Z , with corresponding eigenfunctions {F −1 (∆ Sn )} n∈Z . Finally, {0} forms part of the spectrum as a limit point. Each eigenspace is infinite dimensional and there exist a well defined wavelet base which is also made of eigenfunctions (see [CE2] ) .
A heat equation on Q S
This section presents the analysis of the homogeneous heat equation on Q S related to the pseudodifferential operator D α introduced in Section 3.4. This study is done by treating the heat equation
as an evolution equation on the Hilbert space L 2 (Q S , dµ) of square integrable complex valued functions on Q S . The properties of general evolution equations on Banach spaces can be found in [Paz] and [EN] . For any function f (x) ∈ Dom(D α ), the pseudodifferential equation of the form
is a non-Archimedean counterpart to the Archimedean homogeneous heat equation. In the L 2 (Q S ) context, a function u : Q S × R −→ C is called a classical solution of the Cauchy problem if:
c. u(x, t) is a solution of the initial value problem.
This problem is called here an abstract Cauchy problem and will be referred as problem (3). This problem is well posed and its concept of solution is well understood from the theory of semigroups of linear operators. This solution is described in the following section. 
It follows that {S(t)} t≥0 has the following properties
• as a function of t, S(t) is strongly continuous, • for ≥ 1, S(t) is a bounded operator with operator norm less than one,
• it has the semigroup property:
S(t)f exists, is continuous for t ≥ 0, and is given by
All these means that S(t)f is a classical solution of the heat equation (3) with initial condition f ∈ Dom(D α ) .
For any initial data f ∈ Dom(D α ), the Fourier transform can be applied to equation (3), in the spatial variable x, in order to get the abstract Cauchy problem:
The classical solution of this problem is the strongly continuous contraction semigroup exp(−tm α ) :
Furthermore, from the commutative diagram (2), definitions of the infinitesimal generators of S(t) and exp(−tm α ) and the abstract Cauchy problems (3), (4) and the fact that the Fourier transform is unitary, for t ≥ 0, the diagram
commutes. That is to say,
4.2.
The heat kernel. The theoretical solution of the heat equation shown above can be found explicitly by introducing heat kernel:
We estimate the heat kernel using some properties of the Archimedean Gamma function Γ(z). Lemma 4.1. For any t > 0 and α > 0, the function ξ −→ exp(−t ξ α ) is integrable over Q S and consequently Z(x, t) is well defined for any t > 0 and x ∈ Q S . Furthermore, for any t > 0 and α > 0, the heat kernel Z(x, t) satisfies the inequality
where C is a constant depending on α.
Proof. Since the Haar measure of any ball is equal to its radius, we obtain
Since Z(x, t) = Q S χ(−xξ) exp(−t ξ α )dξ, this also proves the second assertion with C = Γ(1/α+1).
Proposition 4.2. The heat kernel Z(x, t) is a positive function for all x and t > 0. In addition
This implies that Z(x, t) is a positive function for all x and t > 0.
Remark 4.3. It is important to notice that the expression of the heat kernel in Proposition 4.2 does not depend on the algebraic structure of Q S : it depends only on the values of the second Chebyshev function related to S.
Lemma 4.4. For any t > 0, α > 0 and x ∈ Q S , the heat kernel Z(x, t) is positive and satisfies the inequality
where C is a constant depending on S and α.
Proof. In order to prove the second assertion we proceed as follows. From the inequality 1 − e −s ≤ s, valid for s ≥ 0, it follows the inequality
As a result
where C = max p∈S {p α }.
Remark 4.5. The constant involved in the last result depends on the growing behaviour of the group index |B n /B n−1 | of two consecutive balls centred at zero, which is a uniformly bounded quantity.
The following proposition exhibits the relevant heat kernel estimate.
Proposition 4.6. (Heat kernel estimates)
Proof. This is a straight consequence of Lemma 4.1 and Lemma 4.4 (see [Koc] , Lemma 4.1, pp. 134).
Proposition 4.7. The heat kernel satisfies the following properties:
• It is the distribution of a probability measure on Q S , i.e. Z(x, t) ≥ 0 and
for all t > 0.
• It converges to the Dirac distribution as t tends to zero:
• It has the Markovian property:
Being exp(−t ξ α ) a continuous function on ξ, the Fourier inversion formula implies
Using this equality, the fact that f ∈ D(Q S ) is a locally constant function of compact support and Proposition 4.6, we conclude that
The Markovian property follows from the Fourier inversion formula and the related property of the exponential function.
Proposition 4.8. For any t > 0 and α, β > 0, the function
is integrable over Q S . Therefore, Z(x, t) is smooth with respect to t and the derivative
Proof. The proof is similar to the one in Lemma 4.1:
Finally, the last assertion follows from the mean value theorem.
4.3. The classical solution of the heat equation. Given t > 0 define the operator T(t) :
by the convolution with the Heat kernel
and let T(0) be the identity operator. From Proposition 4.7 and Young's inequality the family of operators {T(t)} t≥0 is a C 0 -semigroup. Let us show that the semigroup {T(t)} t≥0 gives the solution of the heat equation (3) with initial data f ∈ Φ(Q S ). Recall that, for any
Notice that the abstract cauchy problem (4), with initial data f (ξ) ∈ Ψ(Q S ), has a unique solution u(ξ, t), such that u(·, t) belongs to Ψ(Q S ) for any t ≥ 0, given by
Therefore, there is a unique solution to the heat equation (3) with initial condition f ∈ Φ(Q S ), such that u(·, t) ∈ Φ(Q S ) for t ≥ 0, given by
The main theorem of the diffusion equation is the following.
Theorem 4.9. Let α > 0 and let S(t) be the C 0 -semigroup generated by the operator −D α . The operator S(t) coincides for each t ≥ 0 with the operator T(t) given above. In other words, the solution of the abstract Cauchy problem (3) is given by u(x, t) = Z(x, t) * f (x), for t ≥ 0 and f ∈ Dom(D α ).
Proof. As has been said before, for f ∈ Φ(Q S ), u(x, t) = Z(x, t) * f (x) is a classical solution to the heat equation (3). Also,
the operator S(t) = T(t) for each t ≥ 0 and the function u(x, t) = Z(x, t) * f (x) is a solution of the Cauchy problem for any f ∈ Dom(D α ).
The Markov process on Q S
In this section the fundamental solution of the heat equation Z(x, t) is shown to be the transition density function of a Markov process on Q S (see [Dyn] and also [Tai] ).
Let α be a positive real number and denote by B the Borel σ-algebra of Q S . Define
From Theorem 4.7, it follows that p(t, x, y) is a normal transition density and P (t, x, B) is a normal transition function on Q S (see [Dyn] , Section 2.1 for further details). −α−1 for any y ∈ B and t ≤ s. Hence
To verify Condition M(B) we proceed as follows: for y ∈ Q S \B we get x − y > ǫ. The statement follows from Proposition 4.6:
Theorem 5.2. The heat kernel Z(x, t) is the transition density of a time and space homogeneous Markov process which is bounded, right-continuous and has no discontinuities other than jumps.
Proof. The result follows from Lemma 5.1 and the fact that Q S is a second countable and locally compact ultrametric space (see [Dyn] ,Theorem 3.6).
6. Cauchy problem for parabolic type equations on Q S
In this section two other classical formulations of the Cauchy problem on Q S are described. 
has a unique solution
Proof. From Proposition 4.8, it follows that the C 0 semigroup given by
is smooth. Since the Fourier transform is unitary, the C 0 semigroup S(t) is also smooth.
6.2. Non-homogeneous equations. Consider the following Cauchy problem
The Duhamel's Principle states:
. Assume that at least one of the following conditions is satisfied:
Then the Cauchy problem has a unique solution given by
where dτ is the Lebesgue measure.
Final remarks
The theory developed in this article can be applied to more general Abelian topological groups. More explicitly, let G be a selfdual, second countable, totally disconnected, locally compact, Abelian topological group with a filtration by compact and open subgroups {H n } n∈Z ,
(1) H 0 = H is a fixed compact and open subgroup of G, (2) the index of the quotients H n+1 /H n is uniformly bounded from above, (3) the annihilator, Ann G (H n ), satisfies
for all n ∈ Z, and (4) the following relations are satisfied:
Notice that, since G is autodual, there exist an isomorfism of G with its Pontryagin dual group G, i.e. a function ξ → χ ξ which identifies G and G as topological groups. This identification makes expression Ann G (H n ) = H −n , in property (3) above, meaningful.
Normalize the Haar measure µ on G in such a way that µ(H) = 1. This implies that the measure of any other subgroup H n of G is given either by the index [H : H n ] or by the index [H n : H]. The group G has a unique G-invariant ultrametric d G such that the balls centred at zero coincide with the elements of the filtration {H n } n∈Z and the radius of any ball equals to its Haar measure. Let λ n be the radius and Haar measure of H n .
The topological and algebraic properties of G are expressed by the projective and inductive limits:
To the ultrametric spaces, (H, d H ) and (G, d), there corresponds, respectively, a tree T (H) with finite ramification index, and a tree T (G) whose endspace is identified with G. Consequently, L 2 (G) is a separable Hilbert space (see [CE1] , [KK1] and [KK2] ). In addition, the topology of the locally constant functions of compact support D(Q S ) is expressed by the inductive limits
and D(Q S ) is a locally convex complete topological algebra and a nuclear space. We have the Fourier transform F (f )(ξ) = G f (x)χ ξ (x)dµ(x) and due to equality Ann Q S (H n ) = H −n , it satisfies F : D 
The operator −D α is a positive selfadjoint unbounded operator with spectrum {0} ∪ {λ Examples of these groups are detailed as follows:
(1) For any fixed positive integer number n, let G be the set of n-adic numbers Q n with H 0 = Z n the maximal compact and open subring. The filtration is given by H ℓ = n ℓ Z n , for ℓ ∈ Z.
(2) For any prime number p and a positive integer number n, let G = (Q n p , +) with H 0 = Z n p the maximal compact and open subring. The filtration is given by H ℓ = p ℓ Z n p , for ℓ ∈ Z. The metric here induced the Taibleson operator on Q n p with a normalizing factor. (3) Fix any prime number p and set G the restricted direct product of a countable copies of the fixed field Q p with respect to Z p . That is, G = ′ n≥1 Q p and H 0 = n≥1 Z p . The members of the filtration can be given as:
(4) Finite products and restricted direct products of the examples above provides a large class of groups satisfying the requirements.
Last but not least, the finiteàdele ring A f is a selfdual, second contable, and totally disconnected topological ring where one can take H 0 = p∈P Z p . However, even though there are many filtrations {H n } n∈Z of A f , satisfying properties (1),(3),(4), any filtration satisfying those properties does not satisfies property (2) (see [CE1] ).
